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1 Introduction 

Theory of dynamical systems is a theory which describes qualitative properties of sys- 
tems, changing in time. One of the oldest branches of this theory is the theory of delay 
differential equations. We refer to some classical monographs on the theory of ordi- 
nary (O.D.E.) delay equations [H], El [I]- A characteristic feature of any type of delay 
equations is that they generate infinite dimensional dynamical systems. The theory of 
partial (P.D.E.) delay equations is essentially less studied since such equations are simul- 
taneously infinite dimensional in both time (as delay equations) and space (as P.D.E. s) 
variables, which makes the analysis more difficult. We refer to some works which are 
close to the present research [23, IH El E] and to the monograph [51] . 

Recently, much attention was paid to the investigations of a new class of delay equa- 
tions - equations with a state-dependent delays (SDD) (see e.g. [30 | [3T | [32 | [T5 | [T6 | [T7 t [18] 
and also the survey paper [12] for details and references). The study of these equations 
essentially differ from the ones of equations with constant or time-dependent delays. 
The main difficulty is that nonlinearities with SDDs are not Lipschitz continuous on the 
space of continuous functions - the main space of initial data, where the classical theory 
of delay equations is developed (see the references above). As a result, the corresponding 
initial value problem (IVP), in general, is not well-posed (in the sense of J. Hadamard 
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[HITU]). An explicit example of the non-uniqueness of solutions to an ordinary equation 
with state-dependent delay (SDD) is given in |33] (see also [12, p.465]). As noticed in 
[T2| p.465] "typically, the IVP is uniquely solved for initial and other data which satisfy 
suitable Lipschitz conditions." 

First attempts to study P.D.E.s with SDDs have been made for different types of 
delays: for a distributed delay problem in [Sni El] (see also [22]) and for discrete SDDs 
in [13] (mild solutions, infinite delay) as well as in [21] (weak solutions, finite delay). 

The following property of solutions of P.D.E.s (with or without delays) is very im- 
portant for the study of equations with a discrete state-dependent delay. Consider- 
ing any type of solutions (weak, mild, strong or classical) and having the property 
u e C{[a,b]] X), one cannot, in general, guarantee that the solution is a Lipschitz func- 
tion u : [a, b] —>■ X. This fact brings essential difficulties for the extension of the methods 
developed for O.D.E.s (see the discussion above). That is why in previous investigations 
we proposed alternative approaches i.e. approximations of a solution of a P.D.E. with 
a discrete SDD by a sequence of solutions of P.D.E.s with distributed SDDs [Sni El] or 
use an "ignoring condition" for a discrete SDD function [23]. 

The main goal of the present work is to make a step in extending the approach used 
for O.D.E.s with SDDs [301 Ell [12] to the case of P.D.E.s. Our idea is to look for a wider 
space Y D X such that a solution u : [a,b] ^ Y he a Lipschitz function (with respest 
to the weaker norm of Y) and to construct a dynamical system on a subset of the space 
C{[a,b]]Y). It is interesting to notice that, in contrast to the previous investigations, 
the dynamical system is constructed on a metric space which is not a linear space. 

The article is organized as follows. Section 2 contains formulation of the model 
and the proof of the existence and uniqueness of strong solutions for initial functions 
from a Banach space. In Section 3 we construct an evolution operator 5*^ and study its 
asymptotic properties. Here we restrict the evolution operator to a smaller metric space 
to get the continuity of St, which is not available in the initial Banach space. Section 4 
deals with the particular case when the delay time is state- independent. Here we also 
compare the results with the state-dependent case. 



2 Formulation of the model and basic properties 

Our goal is to present an approach to study the following partial differential equation 
with state-dependent discrete delay 

d 

— M(t, x) + Au{t, x) + du{t, x) 

= b{[Bu{t-r]{ut),-)]{x)) = {F{ut)){x), x e Q, (1) 

where A is a densely-defined self-adjoint positive linear operator with domain D{A) C 
L^(r2) and with compact resolvent, so A : D{A) —>■ L'^{Q) generates an analytic semi- 
group, f2 is a smooth bounded domain in i?"", B : L^(f2) L'^{Q) is a bounded operator 
to be specified later, 6 : i? — > i? is a locally Lipschitz map and d is a non-negative con- 
stant. The function ri{-) : C([— r, 0]; L^(r2)) [0, r] C -R+ represents the state-dependent 
discrete delay. We denote for short C = C7([— r, 0]; L^(r2)). The norms in L'^{Q) and C 
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are denoted by || ■ || and || ■ \ \c respectively. By (-, ■) we denote the inner product in 
L^(fi). As usual for delay equations, we denote by Ut the function of 6* G [— r, 0] by the 
formula Ut = Ut{9) = u{t + 6) . 

Remark 1. For example, the operator B may he of the following forms (linear 
examples) 

[Bv]{x)= [ viy)f{x,y)dy, x e Q, (2) 
Jn 

or even simpler 

[Bv]{x) = j^v{y)f{x - y)e{y)dy, x G fi, (3) 

where f : Q — Q ^ R is a smooth function, i G C^{Q). In the last case the nonlinear 
term in (J\) takes the form 

{F{ut)){x) = b (^J^ u{t - v{ut),y)f{x - y)mdy^ , x G (4) 
We consider equation ([1]) with the following initial conditions 

U\[_rfi] = ^- (5) 

Main assumptions: 

(H.B) We will need the following Lipschitz property of the operator B 

3Lb>0: yu,v G L'^in) \\Bu-Bv\\ < Lb ■ \\A-^/'^{u - v)\\. (6) 
(H.?7) The discrete delay function rj : C [0,r] satisfies 

3L, > : Vy.,^ G C ^ - vm < L, ■ max \\A-'/\^ie) - (7) 

Remark 2. For the term of the form assuming that for all (almost all) x G 
^ /(. - x)£{-) G and u G L'^iSl) C D{A-^/^) one gets \ {uj{- - x)£{-))\ < 

\\A^-^^'^u\ \ ■ \ \A^^'^f{- — x)£{-)\\ which implies 

(/j l<y)f(y-^ny)dyfdxy\\\A~'/'u\\.l^ljA'/'^ 

Hence, property (H.B) (see ^) holds with Lb = (/^ — x)£(-)|p(ix) . 

The same arguments hold (with Lb = (/n \\A^^'^f{x, ■)|p(ixj ) for a more general 
term of the form 

Now we introduce the following 

Definition 1. A vector-function u{t) G C{\-r,T]- D^A-^/"^)) r\ C{\Q,T]; D^A^'"^)) n 
L2(0,r;L)(A)) with derivative u{t) G L°°(0, T; ^(A-i/^)) 

is a strong solution of problem 

(QP, 1^ on an interval [0, T] if 
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, u{e) = ip{e) forOe [-r,0]; 

. for any function v G ^^(0, T; L'^{n)) such that v G ^^(0, T; D{A-^)) and v{T) = 0, 
one has 

^ {u{t),v{t))dt+ r {A^^\{t),A^^\{t))dt= {ip{0),v{0))+ {F{ut)-du{t),v{t)) dt. 
Jo Jo 

(8) 

Let us introduce the following space 
£ . e C(|-.r.O|;Z)(A-V=)) | sup { "^"'^'^W " ^W'" } < +00; ^(0) e 

(9) 

with the natural norm 



\^\\c = niax 



s6[-r,0] [ |S - r| J 

Now we prove the following theorem on the existence and uniqueness of solutions. 

Theorem 1. Let assumptions (H.B) and (H.rj) hold (see Assume the 

function h : R R is locally Lipschitz and bounded (b{-) < Mb). 

Then for any initial function (p & C (the space C is defined in ^) the problem (QP, 
^ has a unique strong solution on any time interval [0, T]. The solution has the property 
ii e L2(0,T; L\n)). 

Remark 3. Let us notice that we do not assume that ip G r, 0; D(y4)), but the 
definition of strong solution above implies that 

ute L^{-r,Q-D{A)), \/t>r. (11) 



Proof of theorem 1. Let us denote by {efcj^i an orthonormal basis of such 
that Ack = Xk^k, < Ai < . . . < Afc ^ +oo. 

Consider Galerkin approximate solutions of order m : 
m"" = u"'{t,x) = Y.k=igk,mit)ek, such that 

r {ir + Au^ + du'^ - F{u^),ek) = , . 

\ (n-(e),efe) = (vp(e),efe), G [-r, 0] 

Vfc = 1, • • • , rn. Here gk,m. G C^{Q,T]R) n L'^{-r,T;R) with ^fc,m(t) being absolutely 
continuous. 

The system f ll2p . is an (ordinary) differential equation in R^ with a concentrated 
state-dependent delay for the unknown vector function U(t) = {gi jn(t),...,gm,m(t)) 
(the corresponding theory is developed in [3T|, [32] see also a recent review [T2]). 

The key difference between equations with state-dependent and state-independent 
delays is that the first type of equations is not well-posed in the space of continuous 
(initial) functions. To get the well-posed initial value problem, the theory [211 [221 [12] 
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suggests to restrict considerations to a smaller space of Lipscliitz continuous functions 
or even to a smaller subspace of C^([— r, 0]; i?™). 

Condition e £ implies that initial data f/(-)|[_r,o] = -PmV'(') is Lipscliitz contin- 
uous as a function from [— r, 0] to i?™. Here Pm is the orthogonal projection onto the 
subspace span {ei, ... ,em} C L^{Q). Hence we can apply the theory of O.D.E.s with 
state-dependent delay (see e.g. pL2j) to get the local existence and uniqueness of solu- 
tions of (fT2|). 

Now we look for an a priory estimate to prove the continuation of solutions of (fT2|) 
on any time interval [0, T] and then use it for the proof (by the method of compactness, 
see [H]) of the existence of strong solutions to ([I]), ([5]). 

We multiply the first equation in (fT2il by Xkgk,m and sum for /c = 1, . . . , m to get 



l^pi/2^-(t)||2 + ||Aw-(t)||2 + d ■ \\A'/\^{t)\\' = {F^F{uT),Au"'{t)) 

<\\\P^F{uT)\\' + l\\Au-{t)\\\ 

Since the function b is bounded (6(-) < Mb), we have ||F(u]")|p < M^^|fi| (here \Q\ = 
Jq 1 dx) and, as a result, we conclude that 

^\\A^/\^(t)\\^ + |Uu'"(t)|P < M^\n\. (13) 
dt 

We integrate ffT^ with respect to t, use the properties (f{0) E D^A^^"^), u"^{0) = 
PmViO) e D(Ai/2) and ||Ai/2u'^(0)|| = ||v4i/2p^(^(o)|| < 1 1^1/^(0) || to get an a pri- 
ory estimate 

\\A'^\"^{t)\\^ + [' \\Au"'{t)\\Ut <\\A'^^ip{0)\\'' + M^\n\-T, Vm,VtG [0,r]. (14) 
Jo 

Estimate (1141) means that 

{u"'}^^i is a bounded set in L'^{0,T; D{A^/'^)) f] L'^{0,T; D{A)). 
Using this and ffT^ . we get that 

{u'^j^^i is a bounded set in L^{0, T; D{A-^/^)) n ^^(0, T; L\Q)). 
Hence the family {{u"^;u"^)}'^^i is a bounded set in 



Therefore there exist a subsequence {(■u'^; ■it'')} and an element {u;u) G Zi such that 

{(m'^;?!^)} *-weak converges to {u;u) in Zi. (16) 

The proof that any *-weak limit is a strong solution is standard. 
Now we prove the uniqueness of strong solutions. 
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Using the properties (p E C, the definition of a strong solution v and v(t) G 
L°°(0,T; D(A~^^'^)) (see f|T6l) ) we have that for any such a solution v and any T > 
there exists Ly^T > 0, such that 

\\A-y\v{s') - v{s'm < L,,T ■ W - s\ ^s\s^ e [-r,T]. (17) 

Consider two strong solutions u and w of ([1]) , ([5]) (not necessarily with the same initial 
function). 

Assumption (H.B) (see (E])) and the Lipschitz property of b imply 
\\FM - F(yM^ = f \b {[Bu]{s' - vM, x)) - b [[Bv]{s^ - r^M, x)) \^ dx 



<Ll / \ [Bu]{s' -r]M.x)-[Bv]{s^ -r^M,x)\^dx 
Jn 

= Ll\\ [Bu]{s' - ■) - [Bv]{s' - W 

< LlLl . \\A-'/\u{s'-vM)-v{s'-vM)\\'. (18) 
Now, for any two strong solutions, we have 

F{ut) - F{vt) = b{Bu{t - Ti{ut))) - b{Bv{t - r]{vt))) ± b{Bv{t - r]{ut))). 

Using the Lipschitz properties of 6, B and r) (see ([6]), ([7])), and also (fTTI) . (fTSjl . one gets 

\\F{u,) - F{v,)\\ 

< ULs i max \\A-"\u{s) - v{s))\ \ + \\A-^'\v{t - ^{u,)) - v{t - r^ivM \] 

< ULb {\\A-"\ut - vt)\\c + L,,T ■ Hut)) - r]{vt)\) 

< ULb (1 + Ly^T ■ Lr,) ■ \\A-'^\ut - vt) \\c. (19) 

We denote for short 

a,T = ULb (1 + Ly^T ■ Lr,) . (20) 

Now the standard variation-of-constants formula 
u{t) = e-^*u(0) + /o e-^(*-^)F(u^) dr and (OSD give 



\\A-'/\ut-Vt)\\c<\\A~'/'iuo-vo)\\c + Cy,T- / e-'^^'-^^\\A~'/'iur-Vr)\\cdT. 

Jo 

The last estimate (by Gronwall's lemma) implies 



\\A-'/\ut - vt)\\c < \\A-'/\uo - vo)\\c 



(21) 



which gives the uniqueness of strong solutions of ([T]), ([5]). 
The proof of theorem 1 is complete. 
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Remark 4. It is very important that the term 1 + ^'"^^^^ ^e(.Cv,T M)t _ ij / f^7]l 
tends to +00, when L^^t +00, except the case = (see (120|) ). 
Let us get an additional estimate for strong solutions. 

The standard variation-of-constants formula u{t) = e~^^u{0) + Jq e~^'^^~'^^ F{ur) dr, 
([19]), ([20]) and the estimate P"e-*^|| < (f)"e-" (see e.g. % (1.17), p.84]) give 



\\A'/\u{t)-v{t))\ \ < e-^''\\A^/\u{0) -v{0))\\+ / \\A^/^e-^^'-^^\\ ■ \\F{u,) - F{vr)\\ dr 

Jo 

< 6-^^*11^1/2(^(0) - vm\ + 2t'/' ■ C,,T ■ \\A~'/'{uo - vo)\\c. (22) 

Here we used \ \A^/^e-^^'--^\ \ < (^)'^' e'^/^ and /o*(t - T)-^/^dT = 2t^/\ 
Now estimates ([2l]), ([22]) give 

||Ai/2(n(t)-t;(t))|| + ||A-i/2(ni-i;i)llc 
< e-^^%A^'\u{Q)-v{m\+D,,T ■ \\A'^'\u,-v,)\\c. (23) 



Here we denote 



\2/ [ G„_T — Ai ^ 



(24) 



3 Asymptotic behavior 

In this section we study long-time behavior of the strong solutions of the problem ([1]), 

Due to theorem 1, we define in the standard way the evolution semigroup St : C ^ C 
(the space C is defined in ([9])) by the formula 

St'^' = ut, t> 0, (25) 

where u(t) is the unique strong solution of the problem ([I]), ([S]). 

Remark 5. We emphasize that the evolution semigroup St : C C is not a dy- 
namical system in the standard sense (see e.g.J^ |2E since St is not a continuous 
mapping in the topology of C i.e. the problem (1^, ^ is not well-posed in the sense of 
J. Hadamard [Tf . 

Our first goal is to prove 

Lemma 1. Let all the assumptions of theorem 1 he satisfied. Then for any a G (|, 1), 
there exists a hounded in the space C^{\-r,Q]] D^A'^/^)) n C([-r, 0]; /^(A")) set BV^, 
which ahsorhs any strong solution of the prohlem ([7]), ^ with any initial function (p & C 

Proof of lemma 1. Using HA^/^flp < X^^ ■ \ \Av\\^, we get from (fT3l) that 
^\\A^'\"\t)\\^ + \i\\A^'\"\t)\\'' < M^\n\. 



We multiply the last estimate by e'^^* and integrate over [0, t] to obtain 

< ||Ai/V(o)HV^i* + Xi^M^\n\. (26) 

This and give \\A-^/^u"'{t)\\'^ < 2\\A^/^ip{0)\\'^e~^^* + 2X^^M^\n\ + M^\n\. The last 
two estimates imply 

pi/2^™(t)||2 + p-i/2^m^^^||2 < 3pi/2y,(o)||2e-^i* + (1 + 3Xi^)M^\n\. (27) 

We get an analogous estimate for a strong solution of the problem ([I]), ([5]), using the 
well-known 

Proposition 1. [351 Theorem 9]. Let X be a Banach space. Then any *-weak 
convergent sequence {wk}^=i G X* *-weak converges to an element w^o G X* and 
\\woo\\x < liminf„^oo \\wn\\x- 

Now we consider the space V = C^{[-r,0]; D{A-^/'^)) n C{[-r,0]; D{A^/'^)), fix any 
positive and obtain that the ball Bq of V 

Bo = {veV: \ \v\\l<Rl = {l + 3X^^)M^\n\+eo} (28) 

is absorbing for any strong solution of the problem ([T]), ([5]) (see (l27ll). 

Now we are in a position to use the arguments presented in P, Lemma 2.4.1, p. 101] 
and get (for any | < a < 1) the existence of the absorbing ball 

}3^ = {ve C([-r,0];Z}(A")) : 1 |c(hr,o];D(A«)) < Ra} , (29) 



where = (a - l/2)"-i/2 ■ [X^^^^Mb^jM + e\ + ^ ■ Mfe^|fi| with any fixed 
e > 0. More precisely, the standard variation-of-constants formula u{t) = e~^^u{0) + 
jQe~'^^^~^^F{ur)dT and the estimate ||A°e-*^|| < (f)"e-" (see e.g. (1.17), p.84]) 
give 

\\A-uit + 1) 1 1 < (« - 1/2)- V2 wA^Mt) 1 1 + 1 (^^Y~r) "^^''^^ ' ' "^^^ 

Let us consider any bounded in C set B. Estimate (l26l) and Proposition 1 give 
||A^/2^(t)|| < \Xi^^'^Mb^/\n\+€] for all t > t^ (here t^ depends on B only). These 

and the estimate ||F(m^)|| < Mb^J\Q\ imply fl29|) . 

The above estimates ( l28l) . (1291) show that there exists a subset (a ball) of = 
C^i[-r, 0];D{A-^/^)) n C([-r, 0];D{A")) (here 1 < a < 1) 

BK = {^G^a:||t^||y. <i?a}, (30) 



such that for any strong solution, starting in ip from any bounded set -B C £, there exists 

Stipe BVa, for all t>t^. (31) 



> such that 
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The proof of lemma 1 is complete. 
We will use notation 



M\ = sup <j '^^ I for V? G C. 



\S 



Let us fix > and consider the metric space Cro which is the set 
{ip E C : lllv^lll < -R°} equipped with the metrics (c.f. (fTOj) ) 

^ max - 0(s))|| + ||AV^((p(0) - 0(O))||. (32) 

s6[-r,0] 

One can check that {C^^o; p) is a complete metric space and any set 
{ip e C : \\\ip\\ \ < R'^ < R'^} is closed. 

We need the following (technical) assumption 

(H.I) There exists R^ > Ra (Ra is defined in ( f^) ) such that the set 
{if E C : lllv^lll < -R°} is positively invariant for the semigroup St i.e. 

V<^ G £ : lllv^lll < i?° ^ |||5t^||| < Vt>0. (33) 

Our next result is the following 

Theorem 2. Let (H.I) and all the assumptions of theorem 1 he satisfied. Then the 
evolution semigroup St '■ Cro Cro, (see ^25^), possesses a global attractor in the metric 
space {Cro; p). 

Proof of theorem 2. Now we concentrate on the metric space (£ro; p) (here R^ > Ra)- 
The reason for this is that the evolution semigroup St is not continuous on the whole 
space C (see remark 5). On the other hand, we notice: 

Remark 6. Estimate [2^) implies that the evolution semigroup St is a continuous 
mapping in the topology of {Cro; p) i.e. p{Stip, St4>) < D^t ■ pi'P, 0) for v^, G Cro, and 
t G [0,r]. Here D^^t is defined by (2^ (see also ^) with L^^t = ^° (cf (Tl^). 

Corollary 4 from [M] implies that BVa is relatively compact in C([— r, 0]; D(y4~^/^)) 
(see also [2li lemma 1]). This fact and the property ||A"(y9(0)|| < Ra, | < a < 1 for all 
V? G BVa gives that BVa is relatively compact in the topology of {Cro; p). 

Let us consider the following set 

K^Cl [BVa]^C,,.,,), 

where CI [■](£^o;p) is the closure in the topology of {Crp; p). The above properties show 
that K is compact in [Cro] p). 

We get (see (13T1) ) that for any strong solution, starting in ip from any bounded set 
B C Cro, there exists > such that 

St^ G BVa C K, for all t > t^. 

As a result, we conclude that the evolution semigroup St is asymptotically compact 
(and dissipative) in (Cro^p). 

Finally, by the classical theorem on the existence of an attractor (see, for example, 
[21, [281 [6]) one gets that {Sp, {Cro; p)) has a compact global attractor. The proof of 
Theorem 2 is complete. ■ 
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3.1 Equation with a modified nonlinearity 

Discussing the technical assumption (H.I), we notice that even in the case when (H.I) is 
not satisfied for the original system. Lemma 1 allows one to consider a modified system 
without modifying the long term dynamics of St (see [7]). More precisely, one chooses 
[3 p.545] a function x ■ [0, +oo) ^ [0, 1] such that 

Xis) = l, se[0,l]; 
X(s) = 0, se[2,+oo); 
0<x{s)<i, se[l,2] 

and set 

F{.p) ^ X {^^) ■ F{v). 

Here we denoted for short ||(/3||j^^d= ||^^^^V^(0)|| + d ■ \ \A~^/'^(f\\c- 

As a result, the modified system ([1]) (with F{ip) instead of F{ip)) has the same 
behavior inside of the (absorbing) set BVa (in fact, the behavior is unchanged inside of 
a bigger set {ip : Hv^H^.d < Ra})- 

Now, using \\F{(p)\\ < \\F{(p)\\ < A-4^/|7]j and the estimate \\A~'^/^u{t)\\ < 

\\A'^/'^u{t)\\ + d\\A-^/^u{t)\\ + Mb^f\n\, we conclude that the set 

C{Ra) = S^ipeC : \MH,d<2Ra] infill < 2i?« + M6Y^ I 

is positively invariant for the evolution operator, constructed by solutions of ([1]) with the 
modified nonlinearity F{ip). We notice that BVa C C{Ra) C {ip : IIv^IIh,^ < 2Ra}. 

This invariantness of the set C{Ra) gives the possibility to define (similar to fl25|) ) an 
evolution operator St : C{Ra) — >■ C{Ra) by solutions of ([H) with the modified nonlinearity 
F. 

Following the line of arguments presented in theorem 2, we prove the following analog 
to theorem 2 

Theorem 3. Let (H.I) and all the assumptions of theorem 1 he satisfied. Then the 
evolution semigroup St : C{Ra) — > C{Ra), possesses a global attractor in the metric space 
{C{Ra);p). Here, as before, p is the metrics defined by ^EE)- 

Remark 7. Discussing the restriction of our study from the linear space C to the 
metric spaces {Cro; p) or {C{Ra)] p), we notice that it is a natural step even for ordinary 
differential equations with a discrete state- dependent delay. For example, in \3U, Propo- 
sition 1 and Corollary 1] it is shown that maximal solutions of a scalar delay equation 
with a SDD constitute a semiflow on the set {(f) : Lip{(f)) < k, \\(f)\\ < w} C C{[—r,0],R). 
Here Lip^cj)) = snp^^y |0(a;) - (f){y) \ ■ \x - y\-^. 

4 Particular case of a state-independent delay (77 = 
const) 

In this particular case, the assumption (H.r^) (see ([7])) is valid automatically with 
= 0. Following the proof of theorem 1, one can see that the assumption 



10 



sup i 11^4 ^/^(y9(s) — V5(t))|| ■ |s — t| ""^l- < +00 is not needed in the case rj = const. This 
imphes that for any initial function E H (c.f. ([9])), 

H^[pe C([-r, 0]; D{A-'I^)) \ ^(0) G D{A'I^)] (34) 

the problem ([1]), ([5]) has a strong solution. The uniqueness of a strong solution follows 
from (|23|) and the fact that = implies Z)i,,t (defined in flM|) ) is bounded for any 
ip E H (c.f. remark 4 and ( l20l) ). This fact gives the continuity of St '■ H ^ H (c.f. 
remark 5) and as a consequence, that the pair (5"*; H) is a dynamical system. 
Following the proofs of lemma 1 and theorem 2 we have the following result. 

Theorem 4. Assume rj = const. Let the assumption (H.B) hold and the function 
b : R R be locally Lipschitz and bounded. 

Then for any initial function ip E H the problem (J\), ^ has a unique strong solution 
on any time interval [0,T]. The solution has the property it G L^(0,T; L'^{Q)). 

Moreover, the pair {Sp, H) constitutes a dynamical system which possesses a global 
attractor. The attractor is a bounded set in C^{[—r, 0]; D^A^^^"^)) nC([— r, 0]; D^A")) for 
any a G (^, 1). 

Now we can compare two cases (state-dependent and state-independent delays), as- 
suming 

• the assumption (H.B) holds and 

• the function b : R —>■ R is locally Lipschitz and bounded. 





state-dependent delay rj 


state-independent delay 


The existence 
and uniqueness of solutions 


<pe CcH and [R.r]) 




The continuity of St and 
existence of an attractor 


St ■ {^Ro;p) (>Cifo;p) 

St:{c{R^y,p)^{c{Ray,p) 


St-.H-^H 



Remark 8. We notice that £/jo C C C H and the metrics p is the natural metrics 
of the space H. 



As an application (for both cases of state-dependent and state-independent delays) 
we can consider the diffusive Nicholson's blowflies equation (see e.g. [271 [25]) with state- 
dependent delays. More precisely, we consider equation ([1]) where —A is the Laplace 
operator with the Dirichlet boundary conditions, VL C R^° is a bounded domain with a 
smooth boundary, the function / can be, for example, f{s) = :^7^e~* as in [26] (see 
remark 2), the nonlinear (birth) function b is given by b{w) = p ■ we~'^. Function b is 
bounded, so for any delay function rj, satisfying {H.rj), the conditions of Theorems 1,2 
are valid (in the case when the assumption (H.I) is satisfied). As a result, we conclude 
that the initial value problem ([T]), (111) is well-posed in {Cro; p) and the dynamical system 
{St, [Cro] p)) has a global attractor (Theorem 2). 
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If necessary, we modify the system according to subsection 3.1 and get the existence 
of a global attractor for the dynamical system (^Sf, {C{Ra); p))- 

Acknowledgements. The author wishes to thank I.D. Chueshov for useful discussions 
of an early version of the manuscript. 
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